Abstract. A relative derived category with respect to a contravariantly finite subcategory X of an abelian category A, simply makes X -quasi-isomorphisms become isomorphisms. The properties of such categories are far from being clear. There are various questions arises naturally in connection to these triangulated categories. In this paper, we discuss some of such questions. We provide three different descriptions for a relative derived category using: exact model structures, homotopy categories of certain complexes and functor categories; investigate the existence of certain recollements in such categories; generalise two results of Happel by proving the existence of AR-triangles in Gorenstein derived categories and studying the relation between the Gorenstein derived categories of a quiver and its image under a reflection functor; and finally provide situations for which relative derived categories with respect to Gorenstein projective and Gorenstein injective modules are equivalent.
Introduction
The notion of relative derived category of an abelian category A, follows the usual idea of relative homological algebra by declaring a specific class of objects to be projective. There are several papers in the literature taking this notion into account in different settings and also from various points of view, see e.g. works by Neeman [N, Construction 1.5] , Keller [Ke2, Sections 11 and 12] , Buan [B] and Christensen and Hovey [CH] .
The Gorenstein derived category of A, denoted D GP (A) , is an example of a relative derived category and studied recently by Gao and Zhang in [GZ] . They defined D GP (A) as the Verdier quotient of the homotopy category of A, K (A) , modulo the thick subcategory K GP-ac (A) of GP-acyclic complexes, where GP denotes the class of Gorenstein projective objects. Some of the basic properties of D GP (A) are investigated in [GZ] .
Let X be a contravariantly finite subcategory of an abelian category A. In a similar way, one can define the X -relative derived category of A, denoted by D X (A) [Ch2] . Some aspects of this relative derived category, with special attention to a relative version of Rickard's theorem as well as invariants under Gorenstein derived equivalences, has been studied in [AHV1] .
This note should be considered as a continuation of [GZ] and [AHV1] , as further attempts to achieve more properties of the relative derived categories, specially with respect to the class of Gorenstein projectives. The outcome is that this relative settings has nice properties one could expect and deserves more attentions. In fact, beside other applications, one hope is that such theories could help in understanding the Gorenstein Symmetric Conjecture, when one apply the theory to the module category of an artin algebra.
Let us explain the structure of the paper. Section 2 is devoted to some preliminary results. Section 3 will start with an observation showing the power of relative derived categories. Then we will give three different descriptions of relative derived categories. First, we construct an exact model structure on a certain exact category and show that its homotopy category is equivalent to the relative derived category. As another description, it will be shown that D X (A) is equivalent to the homotopy category of all DG-X complexes. As a byproduct, a relative version of the Spaltenstein's result [S, Theorem C] , will be obtained.
Let C be a skeletally small additive category and consider the functor category (C op , Ab) of abelian group valued functors. Following Auslander [A] , we denote this category by Mod(C), and call it the category of modules on C. Our third description read as follows: Let Λ be an artin algebra and S be a set contained in mod-Λ. If X = Add-S, then D X (A) is equivalent to D(Mod (S) ), as triangulated categories. This has some consequences, among them we get that D pur (Mod-Λ) ≃ D(Mod(mod-Λ)), where the pure derived category D pur (Mod-Λ), is the derived category with respect to the pure exact structure, and studied in a recent paper of Krause [K12] .
Recollements are important in algebraic geometry and representation theory, see for example [BBD, Ko] . They were introduced by Beilinson, Bernstein and Deligne [BBD] with the idea that one triangulated category can be considered as being 'glued together' from two others. Many authors study the existence of recollements as well as the link between recollements and other concepts in representation theory, see for instance [CX, HKL, Ko, PS] . Section 4 contains some interesting (co)localisation sequences, resp. recollements, involving relative derived categories.
The concept of Auslander-Reiten theory for complexes was first initiated by Happel [Ha] . He introduced Auslander-Reiten triangles (AR-triangles, for short) and established their existence in the bounded derived category of finitely generated Λ-modules, D b (mod-Λ), for an artin algebra Λ. A natural attempt is to prove an existence theorem of AR-triangles for the bounded Gorenstein derived category of Λ, D
Preliminaries
We assume that Λ is an arbitrary ring, associative with the identity element and denote the category of all, resp. all finitely presented, right Λ-modules by Mod-Λ, resp. mod-Λ.
Let C be an additive category. We denote by C(C) the category of complexes in C; the objects are complexes and morphisms are genuine chain maps. We grade the complexes cohomologically, so an object of C(C) is of the following form
It is known that in case C is additive, resp. abelian, then so is C (A) . In particular, C(Mod-Λ) is an abelian category. We write K(C) for the homotopy category. K − (C), resp. K + (C), K b (C), denotes the full subcategory of K(C) consisting of all bounded above, resp. bounded below, bounded, complexes. Also, let K −,b (C) denote the full subcategory of K − (C) consisting of complexes with only finitely many nonzero cohomologies.
2.1. Let X be an additive category. A complex X ∈ C(X ) is called acyclic if H n (X) = 0, for all n ∈ Z. X is called X -totally acyclic if the induced complexes X (X, X) and X (X, X) of abelian groups are acyclic, for all X ∈ X .
Let C ac (X ), resp. C tac (X ), denote the full subcategory of C(X ) consisting of acyclic, resp. totally acyclic, complexes. Moreover, the triangulated subcategory of K(X ) consisting of acyclic, resp. totally acyclic, complexes will be denoted by K ac (X ), resp. K tac (X ).
Let A be an abelian category. If X = Prj-A, resp. X = Inj-A, is the class of projectives, resp. injectives, in A, then the objects of K tac (X ) will be called totally acyclic complexes of projectives, resp. totally acyclic complexes of injectives. The full subcategory of K(A) consisting of totally acyclic complexes of projectives, resp. injectives, will be denoted by K tac (Prj-A), resp. K tac (Inj-A).
An object G ∈ A is called Gorenstein projective, resp. Gorenstein injective, if it is isomorphic to a syzygy of a totally acyclic complex of projectives, resp. injectives.
We let GP-A, resp. GI-A, denote the full subcategory of A consisting of Gorenstein projective, resp. Gorenstein injective, objects. In case A = Mod-Λ, we abbreviate the notations to GP-Λ and GI-Λ. We set Gp-Λ = GP-Λ ∩ mod-Λ and Gi-Λ = GI-Λ ∩ mod-Λ.
2.2.
A quiver Q is a directed graph which is denoted by a quadruple Q = (Q 0 , Q 1 , s, t). Q 0 , resp. Q 1 , is the set of vertices, resp. arrows, of Q and s, t : Q 1 → Q 0 are maps which associate to any arrow α ∈ Q 1 its source s(α) and its target t(α). A quiver Q is called finite if both Q 0 and Q 1 are finite sets. We may consider Q as a category: the objects are vertices and morphisms are arrows. A representation of Q over a ring Λ is a covariant functor M : Q → Mod-Λ. We denote the category of all, resp. all finitely generated, representations of Q in Mod-Λ by Rep(Q, Λ), resp. rep (Q, Λ) . It is known that Rep(Q, Λ) is a Grothendieck category which has enough projective objects. Let M ∈ Rep(Q, Λ) be a representation of Q. For every vertex v ∈ Q 0 , M v denotes the module at vertex v.
Let
A be an abelian category and X ⊆ A be a full additive subcategory which is closed under taking direct summands. Let M be an object of A. A right X -approximation (an X -precover) of M is a morphism ϕ : X → M with X ∈ X such that any morphism from an object X to M factors through ϕ. X is called contravariantly finite (precovering) if any object in A admits a right X -approximation. One can define left X -approximations (Xpreenvelopes) and covariantly finite (preenveloping) classes dually. A subcategory X is called functorially finite if X is both covariantly and contravariantly finite.
2.4. Let M be a class of objects in A. We let Add-M, resp. add-M, denote the class of all objects of A that are isomorphic to a direct summand of a direct sum, resp. a finite direct sum, of objects in M. In case M = {M } contains a single object, we write Add-M , resp. add-M , instead of Add-{M }, resp. add-{M }.
2.5.
Recall that a pair (X , Y) of classes of objects of A is said to be a cotorsion pair if X ⊥ = Y and X = ⊥ Y, where the left and right orthogonals are defined as follows
2.6. Virtually Gorenstein algebras. Let Λ be an artin algebra. Λ is called Gorenstein if id Λ Λ < ∞ and idΛ Λ < ∞. It is known that in this case id Λ Λ = idΛ Λ . An algebra Λ is called virtually Gorenstein if (GP-Λ) ⊥ = ⊥ (GI-Λ). Virtually Gorenstein algebras was first introduced by Beligiannis and Reiten [BR] as a common generalisation of Gorenstein algebras and algebras of finite representation type. See [Be3, Remark 4.6] , for a list of properties.
It is proved in [Be2] that over an artin algebra Λ, GP-Λ is a contravariantly finite subcategory of Mod-Λ. Furthermore, if Λ is a virtually Gorenstein algebra, then it is proved that Gp-Λ is a contravariantly finite subcategory of mod-Λ [Be3, Proposition 4.7] .
2.7. Finite Cohen-Macaulay type. An artin algebra Λ is called of finite Cohen-Macaulay type (finite CM-type, for short) if there are only finitely many indecomposable finitely generated Gorenstein projective Λ-modules, up to isomorphism. Suppose that Λ is an artin algebra of finite CM-type and M 1 , · · · , M n is the set of all non-isomorphic indecomposable Gorenstein projective Λ-modules. Then Gp-Λ = add-M , where
2.1. Relative derived categories. Let A be an abelian category and X be a contravariantly finite subcategory of
The relative derived category D * X (A) with * ∈ {blank, −, b} is defined as the Verdier quotient of the homotopy category K * (A) with respect to the thick triangulated subcategory K * X -ac (A) of X -acyclic complexes, see [GZ, §2] and [Ch1, §3] . Let E X denote the class of all short exact sequences in A which are X -proper. Note that in case X is admissible, i.e. every right X -approximation is epic, D X (A) is just Neeman's derived category of the exact category (A, E X ) [N] .
2.1.1. Let A have enough projective objects and X = GP-A be the class of all Gorenstein projective objects of A. D X (A) is known as the Gorenstein derived category of A, denoted by D GP (A), which is introduced and studied by Gao and Zhang [GZ] . In case X = GP-Λ, where Λ is a ring, we write K GP-ac (Mod-Λ) for K X -ac (A) and D GP (Mod-Λ) for D X (A). 
2.2. Functor categories. Let C be a skeletally small additive category and B be an additive category. The additive covariant functors from C to B together with the natural transformations and their compositions of functors form a category, known as the functor category (C, B). We are mainly interested in the category (C, Ab) of abelian group valued functors. This category inherits a notion of exactness from the category of abelian groups. A sequence
′′ of functors is called exact if for any X ∈ C, the induced sequence
is an exact sequence of abelian groups. This, in particular, implies that (C, Ab) is an abelian category. Note that all contravariant functors and natural transformations also form a category denoted by (C op , B). By using Yoneda lemma one can see that for every C ∈ C, the functor Hom C (−, C) is a projective object in the functor category (C op , Ab). Moreover, every object F in (C op , Ab) is covered by an epimorphism i Hom C (−, C i ) −→ F −→ 0, where i runs through all isomorphism classes of objects of C. So the category (C op , Ab) has enough projective objects. Following [A] , we denote the category (C op , Ab) by Mod(C), which is called the category of modules on C. A C-module F is called finitely presented if there is an exact sequence
of C-modules, with X and Y in C. The category of all finitely presented C-modules is denoted by mod(C).
2.3. Model structures. Exact categories were first introduced by Quillen [Q] as an extension of abelian categories, but a more comprehensive definition was given by Keller [Ke1, Appendix A] . The reader may consult [Buh] for a more recent exposition on the definition and properties of exact categories. Just recall that an exact category is a full additive subcategory C of an abelian category A which is closed under extension.
Model categories were first introduced by Quillen [Q] . The definition then was modified by some authors. The one that is commonly used nowadays is due to Hovey [Hov02] . Hovey discovered that the existence of a model structure on any abelian category A is equivalent to the existence of two complete cotorsion pairs in A which are compatible in a precise way.
Gillespie [Gil] extended the notion of model structure to exact categories, called exact model structure. Moreover, he proved that Hovey's correspondence caries over to a correspondence between exact model structures and cotorsion pairs in exact categories with some assumptions. In fact, to have a perfect one-to-one correspondence, the exact category need to be 'weakly idempotent complete'. See [Gil] , for terminologies and definitions.
We assume that the reader has a basic knowledge of exact categories and model structures. We refer the reader to [DS95] for a readable introduction to model categories and to [Hov99] for a more in-depth presentation.
Let us just recall the notion of cotorsion pairs in exact categories. Let (C, E) be an exact category. A pair (F , D) of full subcategories of C is called a cotorsion pair provided that
where ⊥ is taken with respect to the functor Ext 1 E . The cotorsion pair (F , D) is said to have enough projective if for every X ∈ C there is a short exact sequence D F ։ X with D ∈ D and F ∈ F . We say that it has enough injective if it satisfies the dual statement. If both of these hold we say the cotorsion pair is complete.
Recall that an additive category C is called weakly idempotent complete if every split monomorphism has a cokernel and every split epimorphism has a kernel. An exact category (A, E) is called weakly idempotent complete if the additive category A is such.
Theorem 2.3.2. [Gil, Theorem 3.3 ] Let (C, E) be an exact category with an exact model structure. Let Q be the class of cofibrant objects, F be the class of fibrant objects and W be the class of trivial objects. Then W is a thick subcategory of C and both (Q, W ∩ F ) and (Q ∩ W, F ) are complete cotorsion pairs in C. If we assume (C, E) is weakly idempotent complete then the converse holds. That is, given two compatible cotorsion pairs (Q, W ∩ F ) and (Q ∩ W, F ), each complete and with W a thick subcategory, then there is an exact model structure on C where Q are cofibrant objects, F are the fibrant objects and W are the trivial objects.
Gillespie [Gil, Section 4 ] also defined the homotopy category of an exact model structure and proved the following result.
Theorem 2.3.3. [Gil] Let C be a model category, let S : C → HoC be the canonical localisation functor and denote by C cf the full subcategory of C given by the objects which are cofibrant and fibrant. Then the composition
(a) Let A be a Grothendieck category. Joyal [Jo] constructed the injective model structure on C(A) and then Beke [Bek] wrote down this model structure. In this model structure the cofibrations are the monomorphisms, the weak equivalences are the homology isomorphisms, and the fibrations are certain epimorphisms. Hence the Hovey's triple is of the form(Q, W, F ), where W is the class of exact complexes, Q is all of C(A), and F is the class of DG-injective complexes. With this model structure on C(A) we can say that HoC(A) = D(A). (b) Let R be a ring. The projective model structure on C(Mod-R) is written down by Hovey [Hov99, Section 2.3] . In this model structure, W is again the class of exact complexes, but now F is all chain complexes and Q is the class of DG-projective complexes. Also, the homotopy category of this model structure is the derived category of R-modules.
Three descriptions of relative derived categories
In this section we describe relative derived categories using three different tools: as the homotopy category of a special exact model structure, as the homotopy category of certain complexes, called DG-X complexes and finally as the absolute derived category of a functor category.
Setup. Throughout the section A is an abelian category with set-indexed coproducts and a projective generator, and X ⊆ A is a full subcategory containing projective generator such that X = Add-S for some set S ⊆ X . We preface our result by an observation showing the power of this relative theory.
Observation 3.1. Let C be an additive category. By [HX, Definition 3 .1], a sequence
of objects and morphisms in C is called a D-split sequence, where D is a full subcategory of C, if M ∈ D, f is a left D-approximation of X, g is a right D-approximation of Y , f is a kernel of g and finally g is a cokernel of f . In particular, any almost split sequence in the sense of Auslander-Reiten is a D-split sequence for some suitable D.
Let Λ be an artin algebra and
By applying the theory of relative derived categories, a simpler proof of this result is given in [AHV1] . Since the proof presented in [AHV1, Remark 4.13] contains some unnecessary steps, here we present a proof.
Let Λ be an artin algebra and 0 
). Since V ⊕ M is a bounded complex whose terms belong to add-(X ⊕ M ), it is standard, as in the absolute case, that we have the following isomorphism
. Now, one may check that there is an isomorphism
This later isomorphism follows by taking any endomorphism of V ⊕ M in homotopy category to the morphism induced on its cokernel in module category. So we are done with the proof.
Note that in [HX] it took a long way to verify that the endomorphism ring of the complex
) and the endomorphism ring of Y ⊕ M over Λ are isomorphic.
3.1. Exact Model Structure. Our aim is to construct an exact model structure on C(A) in such a way that its homotopy category is the relative derived category D X (A). See [CH] for some different model structures on C(A).
We denote by E X the class of all short exact sequences 0
One can check easily that the pair (C(A), E X ) satisfies Quillen's axioms and so forms an exact category.
A complex X in the exact category (C(A), E X ) is called generator if for every complex A ∈ C(A) there is an epic X -approximation I X → A. SetS to be the complex
It can be easily seen that i∈ZS [i] is a generator for the exact category (C(A), E X ). Furthermore, (C(A), E X ) is an efficient exact category in the sense of [St, Definition 3.4 ].
Definition 3.1.1. Let W X be the class of all X -acyclic complexes in C(A). A complex X ∈ C(X ) is called DG-X if Hom A (X, W) is acyclic for all W ∈ W X . We denote the class of all DG-X complexes by DG-(X ).
It follows from Bousfield Localisation [Ve, that K(DG-(X )) is the full triangulated subcategory of D X (A). There is an standard technique applies to show that every bounded above complex in C(X ) is a DG-X complex.
Note that when X = Prj-R for a ring R, then DG-X is just the class of all DG-projective complexes. These complexes also are known in the literature as K-projective complexes.
It is easy to check that the exact category (C(A), E X ) is weakly idempotent complete. So in view of Theorem 2.3.2, in order to have an exact model structure, it is enough to present two compatible cotorsion pairs. We claim that the pairs (DG-(X ) W X , C(A)) and (DG-(X ), W X ) are the desired ones. Clearly, (DG-(X ) W X , C(A)) is a complete cotorsion pair in (C(A), E X ). So we just need to prove that (DG-(X ), W X ) is also a complete cotorsion pair in (C(A), E X ). To this end, we need some preparations.
⊥ W X is exactly the class of all DG-X complexes.
Proof. Let X ∈ ⊥ W X and W ∈ S ⊥ . We have
where e i ρ (W ) is the complex
with the W on the right hand side sits on the i-th position. It can be easily checked that e
Hence [St, Theorem 5.16] implies that X i ∈ Add-S. Now, by definition, it remains to show that Hom A (X, Y) is an exact complex for any Y ∈ W X . We know that Hom A (X, Y) is an exact complex if and only if for all i ∈ Z, On the other hand, let X ∈ DG-(X ) and 0 → Y → A → X → 0 be a short exact sequence in E X . Since X i ∈ X , this short exact sequence splits in each degree. Therefore, there is a morphism f : X → Y[1], such that the above sequence is isomorphic to the short exact sequence 0 → Y → cone(f ) → X → 0. Now, this sequence is split if and only if the complex Hom(X, Y[1]) is acyclic and so the proof is complete.
The proof of the following proposition is based on [BEIJR, Lemma 5 .1].
Proposition 3.1.3. Let A ∈ C(A). Then for all X ∈ X ,
Proof. Given an object X in X , consider X to be a complex with X 0 = X −1 = X with the identity map and zero elsewhere and X to be the stalk complex with X in degree zero and zero elsewhere. Thus X is a subcomplex of X and X/X = X[1]. So there is a short exact sequence
Observe that every X -acyclic sequence ending in X is split. Therefore, Ext 1 EX (X, A) = 0 and so there is an isomorphism
Kerψ .
Note that Kerψ = Imϕ. Now consider the complex
We have an epimorphism
). Similar argument shows that, for each i ∈ Z, we have the isomorphism
As a direct consequence of the above proposition we have the following corollary.
Proposition 3.1.5. (DG-(X ), W X ) is a complete cotorsion pair.
Proof. As we mentioned before, the exact category (C(A), E X ) is efficient with a generator
Theorem 5.16 of [St] implies that ( ⊥ (T ⊥ ), T ⊥ ) is a complete cotorsion pair. By Proposition 3.1.3, T ⊥ = W X and then Proposition 3.1.2 completes the proof.
Based on these results, we may apply Gillespie's theorem [Gil, Theorem 3.3 ] to get the following corollary.
Corollary 3.1.6. There is an exact model structure on the exact category (C(A), E X ). In this model structure, DG-(X ) is the class of cofibrant objects, C(A) is the class of fibrant objects and W X is the class of trivial objects. As usual, we denote this model structure by the triple (DG-(X ), W X , C(A)). Now we are ready to prove our first main result in this section.
Theorem 3.1.7. Let A and X = Add-S be as our setup. Consider the exact category (C(A), E X ) with the exact model structure (DG-(X ), W X , C(A)). The homotopy category HoC(A) is equivalent to D X (A) as triangulated categories.
Proof. As we know, HoC(A) is the localisation of C(A) with respect to weak equivalences. Moreover, by construction, a map f in C(A) is a weak equivalence if and only if f is an Xquasi-isomorphism. Now, the universal property in the theory of localisations of categories implies that HoC(A) is equivalent to D X (A); see [Hov99, Lemma 1.2.2].
3.2. Homotopy Category of DG-X complexes. In this subsection we present a description of D X (A) as the homotopy category of all DG-X complexes. As a result we get a relative version of the Spaltenstein's result [S] .
Theorem 3.2.1. As before, let X be a full subcategory of an abelian category A with the properties that X = Add-S for some set S ⊆ X . Then there is the following triangle equivalence
Proof. By Corollary 3.1.6, there is a model structure (DG-(X ), W X , C(A)) on the exact category (C(A), E X ). By [Gil, Proposition 4 .3], a map f in C(A) cf is homotopic to zero if and only if f factors through an object of DG-(X ) W X . But, DG-(X ) W X consists of all complexes of X which are contractible. So the homotopy relation in this model category coincides with the usual notion of chain homotopy equivalences. By Proposition 3.1.7, HoC(A) ≃ D X (A). On the other hand, Theorem 2.3.3 implies that HoC(A) ≃ C(A) cf / ∼. Hence, by the previous paragraph, HoC(A) ≃ K(DG-(X )). Consequently, we have the desired equivalence
Let R be a ring. Set A = Mod-R and X = Prj-R. A famous result of Spaltenstein [S] states that every complex in C(Mod-R) admits a DG-projective resolution.
Definition 3.2.2. We say that a complex A ∈ C(A) has a DG-X resolution if there exists an X -quasi-isomorphism X −→ A with X a DG-X complex.
Remark 3.2.3. The theorem above, in particular, implies that every complex in C(A) admits a DG-X -resolution and so it can be considered as a relative version of Spaltenstein's result [S, Theorem C] .
3.3. Derived category of a functor Category. In this subsection, we show that when A = Mod-Λ, D X (A), for certain subcategories X of A, have a nice interpretation as the (absolute) derived category of a functor category.
Proposition 3.3.1. Let Λ be an artin algebra and S be a set contained in mod-Λ. If X = Add-S, then there is an equivalence
of triangulated categories, where Mod(S) is defined in 2.2.
Proof. Let S be the smallest full triangulated subcategory of K(A) that contains S and is closed under coproducts. Since S ⊆ ⊥ K X -ac (A), in view of Bousfield Localisation [Ve, Proposition 5-3], we may deduce that the composition
of functors is fully faithful. Since S is compactly generated, the inclusion S ֒→ K(A) has a right adjoint. Hence for every complex X ∈ K(A), there exists an exact triangle
This, in turn, implies that ϕ is dense and so is an equivalence. On the other hand, let (−, S) denote the class of all functors Hom Λ (−, S), where S ∈ S. It is known that D(Mod(S)) ≃ (−, S) . So we just need to prove that S ≃ (−, S) . To this end, consider the functor φ : Sum-S −→ Sum-(−, S) given by φ(⊕ i∈I S i ) = ⊕ i∈I Hom Λ (−, S i ). This functor is, in fact, an equivalence. Indeed, it follows from the following isomorphisms that φ is fully faithful.
Note that the second isomorphism follows from the fact that finitely generated Λ-modules are compact objects in mod-Λ while the last one follows from the same fact applying to Hom Λ (−, S i ) in the category Mod (S) . Moreover, φ is clearly dense and so is an equivalence of categories. Naturally, φ can be extended to an equivalence of homotopy categories
Observe that from any object of K(Add-S) we can get an object of K(Sum-S) by taking the direct sum with complexes of the form S id −→ S, that are zero objects in the homotopy category. So K(Sum-S) ≃ K(Add-S). In a similar way, one can deduce that K(Sum-(−, S)) ≃ K(Prj-Mod(S)). Consequently, we have an equivalence K(X ) ≃ K(Prj-mod(S)). Now, our desired equivalence follows from the following diagram
Hence the proof is complete.
Observe that all results in this section can be proved for any skeletally small category. (i) Let Λ be an artin algebra. Let A = Mod-Λ and S = Gp-Λ. Then we can construct an exact model structure, given by the triple (DG-(Add-Gp-Λ), W Gp , C(Mod-Λ)) on the exact category (C(Mod-Λ), E Gp ). In particular, we have an equivalence
of triangulated categories. (ii) Let Λ be a virtually Gorenstein algebra of finite CM-type. Then, by [Be3, Theorem4 .10], GP-Λ = Add-Gp-Λ. Therefore, Proposition 3.3.1 applies and so
(iii) Let Λ be a Gorenstein ring. It is proved in [ER] , that there are complete cotorsion pairs (C(GP-Λ), F ) and (L, C(GI-Λ)) in C(Mod-Λ), where F , resp. L, is the full subcategory of C(Mod-Λ) consisting of all complexes of finite projective, resp. injective, dimensions. This, in particular, implies that for any complex A ∈ C(Mod-Λ), there exists G ∈ C(GP-Λ) and a Gorenstein projective precover G −→ A which is a GP-quasi-isomorphism. But, the same argument as in [Ch1, Proposition 3.5] applies to show that K(GP-Λ) = K(DG-(GP-Λ)). This means that we have the following equivalence of triangulated categories
This result can be stated in a dual manner to prove that over a Gorenstein ring
Let Λ be a ring. Consider the pure exact structure on the category Mod-Λ. This exact structure is the smallest one such that exact sequences are closed under filtered colimits. The pure derived category D pur (Mod-Λ), is the derived category with respect to the pure exact structure. In [K12] , Krause studied this category and proved that D pur (Mod-Λ) is compactly generated and
In the following example, we see that our result can be specialized to get similar equivalences as above for D pur (Mod-Λ). Furthermore, Proposition 3.3.1 implies that
Note that the equivalence above have been proved in [K12] .
Recollements of homotopy categories
In this section, we give recollements as well as (co)localisation sequences of homotopy categories of Gorenstein projectives. Let us start with the following definition.
A sequence
of exact functors between triangulated categories is called a localisation sequence if (1) The functor F is fully faithful and has a right adjoint.
(2) The functor G has a fully faithful right adjoint.
There is an equality of triangulated subcategories Im(F ) = Ker(G). Also, we say that (4.1) is a colocalisation sequence if the pair (F op , G op ) of opposite functors is a localisation sequence. A sequence of functors is called a recollement if it is both a localisation and a colocalisation sequence. We usually denote the functors and their adjoints involving in a recollement as follows
As a direct consequence of Proposition 3.3.1 we have the following recollement.
Proposition 4.1. Let A = Mod-Λ, where Λ is an arbitrary ring, and X be a full subcategory of A such that X = Add-S for some set S ⊂ mod-Λ. Then there is the following recollement
Proof. In view of [Gil, Theorem 4.7] , there is the following recollement
Now, it follows from the proof of Proposition 3.3.1 that K(Prj-Mod(S)) ≃ K(X ) and K ac (Prj-Mod(S)) ≃ K X -ac (X ) and so we get the result.
In view of the above proposition we have the following recollements for any ring Λ.
In the following we intend to prove the existence of localisation sequences of the homotopy category of Gorenstein projective modules. The key of the proof is the existence of an stable t-structure. Let us recall the definition of a stable t-structure.
Let T be a triangulated category. A pair (U, V) of full subcategories of T is called an stable t-structure in T if the following conditions are satisfied.
(i) U = ΣU and V = ΣV.
(ii) Hom T (U, V) = 0.
(iii) For every X ∈ T , there is a triangle U → X → V with U ∈ U and V ∈ V. Miyachi [Mi] studied the relationship between (co)localisation sequences, recollements, and stable t-structures. Indeed, he showed that a (co)localisation sequence induces a stable t-structure, and vice versa.
4.3. Let (U, V) be a stable t-structure in T . The following statements hold true.
(i) There is a localisation sequence
where j * : V −→ T is the canonical embedding. (ii) There is a localisation sequence
where j ! : U −→ T is the canonical embedding. As we saw in Remark 3.2.3, every complex A admits a DG-X resolution X. Here we show that if A is bounded above then so is X, as expected.
Lemma 4.4. Let X be a contravariantly finite subcategory of A = Mod-Λ. Then every bounded above complex A has a DG-X resolution X −→ A with X ∈ K − (X ).
Proof. First observe that if A is a bounded complex, then by using the same argument as the proof of [GZ, Proposition 3 .4] we obtain a DG-X resolution X −→ A with X ∈ K −,X b (X ). Now let A = (A i , ∂ i ) be a bounded above complex in A. Without loss of generality, we may assume that A i = 0 for all i > 0. For any i ≤ 0, set
and consider the inverse system {ϕ i :
By the axioms of a triangulated category, there exists a morphism hlim ← − − X i −→ hlim ← − − A ≥i making the following diagram commutative
Since X is closed under products,
. Now, for any X in X , apply the cohomological functor Hom K(A) (X, Σ i (−)) to the above diagram, to deduce that hlim ← − − X i −→ hlim ← − − A ≥i is a X -quasi-isomorphism. Also, by construction, hlim ← − − X i is a bounded above complex in C(X ). On the other hand, by [M, Proposition 11.7] 
Hence the proof is complete. It is known that over a noetherian ring Λ, GI-Λ is closed under coproducts. Also, if Λ is an artin algebra, then GP-Λ is closed under products [Ch2, Proposition 2.2.12] . Moreover, note that by [Be2] when Λ is an artin algebra, GP-Λ is a contravariantly finite subcategory of Mod-Λ. When Λ is noetherian a result of Enochs and López-Ramos [EL, Corollary 2.7] , implies that GI-Λ is a covariantly finite subcategory of Mod-Λ. Using these facts, we have the following corollary.
Corollary 4.6.
(i) Let Λ be an artin algebra. Then every bounded above complex has a DG-Gorenstein projective resolution. In particular, there is a triangulated equivalence
(ii) Let Λ be a noetherian ring. Then every bounded below complex has a DG-Gorenstein injective resolution. In particular, there is a triangulated equivalence D
Proof. We just prove part (i). Proof of the part (ii) is similar. Let We denote by K X b (X ), resp. K −,X b (X ), the full subcategory of K(X ), resp. K − (X ), consisting of all complexes X in which there is an integer n = n(X) such that H i (Hom Λ (X, X)) = 0 for all i > |n|, resp. all i ≤ n, and all X ∈ X . Now, we can state and prove our result. The proof is based on the proof of Proposition 2.2 of [IKM] .
Proposition 4.7. Let X be a contravariantly finite subcategory of A = Mod-Λ that contains Prj-Λ. Then the following statements hold true.
(
, there exists the following colocalisation sequence
for some integer n. In view of Lemma 4.4, Y admits a DG-X resolution G −→ Y, where
Hence, we obtain a triangle
where U X ∈ K X -ac (X ). This completes the proof of the first part.
(ii) Observe that by [AHV1, Theorem 3.3 
. Now the result follows directly from (i) and 4.3.
Dual to Proposition 4.7 we have the following result. Since its proof is similar we skip it.
Proposition 4.8. Let Y be a covariantly finite subcategory of A = Mod-Λ that contains Inj-Λ. Then the following hold true.
, there exists the following localisation sequence
The above propositions enable us to prove a generalization of [G10, Theorem 2.5].
Corollary 4.9.
(i) Let Λ be an artin algebra. Then there is the following colocalisation sequence
(ii) Let Λ be a noetherian ring. Then there is the following localisation sequence
Auslander-Reiten triangles in D b
Gp (mod-Λ) A known result due to Happel [Ha2] states that for a finite dimensional algebra Λ, D b (mod-Λ) has Auslander-Reiten triangles if and only if Λ has finite global dimension. In this section we present a Gorenstein version of Happel's result [Ha2, Corollary 1.5]. More precisely, we prove that if Λ is an artin algebra, then D b Gp (mod-Λ) has Auslander-Reiten triangles if and only if Λ is Gorenstein. This also will generalise the main result of [G12] that states D b GP (mod-Λ) has Auslander-Reiten triangles, provided Λ is a finite dimensional Gorenstein algebra of finite CM-type.
Recall that a map α : X → Y is called left almost split, if α is not a section and if every map X → Y ′ which is not a section factors through α. Dually, one can define a right almost split map.
A triangle X α → Y β → Z in a triangulated category T is called an Auslander-Reiten triangle, if α is left almost split and β is right almost split. We say that a triangulated category T has Auslander-Reiten triangles if for each indecomposable object Z in T there is an Auslander-Reiten triangle as above.
Let Λ be an artin algebra over a commutative artinian ring R. It can be easily seen that the duality D : mod-Λ → mod-Λ op can be extended to the duality D : mod(mod-Λ) −→ mod((mod-Λ) op ), defined by D(F )(X) = D(F (X)) for all X ∈ mod-Λ. Motivated by this fact, the notion of dualizing R-varieties is introduced by Auslander and Reiten [AR74] . As this concept will be used in the following proposition, we recall briefly the definition. An skeletally small additive category C is called variety if idempotents split. An R-variety is a variety C equipped with an R-module structure on abelian group Hom C (X, Y ), for each pair of objects X and Y in C.
Let C be a finite R-variety, i.e. Hom C (X, Y ) is a finitely generated R-module for every X and Y in C. It is easily checked that the functor D : (C op , mod-R) −→ (C, mod-R) given by D(F )(X) = D(F (X)), define a duality. A dualizing R-variety is defined to be a finite R-variety C with the property that for every finitely presented C-module F , the C op -module DF is finitely presented as well.
Let C be an additive catgeory. A morphism
of functors is exact. It is known that C has pseudokernels if and only if mod(C) is abelian.
Theorem. [AR74, Theorem 2.4] A finite R-variety C is dualizing if and only if it satisfies the following conditions.
(i) C and C op have pseudokernels.
(ii) For any Y ∈ C, there is a C in C such that the morphism
is an isomorphism for all X ∈ C. (iii) For any Y ∈ C op , there is a C in C op such that the morphism
is an isomorphism for all X in C op .
Remark 5.1. Let Λ be a virtually Gorenstein R-algebra, where R is a commutative artinian ring. Then Gp-Λ is a dualizing R-variety. Indeed, Gp-Λ is a finite R-variety. Since Λ is virtually Gorenstein, by [Be3, Proposition 4.7] , Gp-Λ is contravariantly finite and so [KS, Corollary 2.6 ] implies that Gp-Λ is a functorially finite subcategory. Now, one may use the fact that the functor Hom Λ (−, Λ) induces a duality Gp-Λ −→ Gp-Λ op , to deduce that Gp-Λ satisfies all the statements of the above theorem.
We would like to thank Osamu Iyama for the idea of the following result.
Proposition 5.2. Let Λ be a virtually Gorenstein artin algebra. Then there is an equivalence
of triangulated categories.
Proof. Since Λ is a virtually Gorenstein artin algebra, Gp-Λ is a contravariantly finite subcategory of mod-Λ. So an argument similar to the proof of [GZ, Theorem 3.6] works to show that
. To this end, we define a functor
by φ(G) = Hom Λ (−, G), for any finitely generated Gorenstein projective Λ-module G. Note that every object in Prj-mod(Gp-Λ) is of the form Hom Λ (−, G) for some G ∈ Gp-Λ. This fact in conjunction with Yoneda Lemma implies that φ is an equivalence. This equivalence can be extended, in a natural way, to the following equivalencē
Now observe that, in view of Yoneda Lemma, a sequence
in Gp-Λ is Gp-acyclic if and only if the sequence
in Prj-mod(Gp-Λ)) is acyclic. Therefore,φ restricts to the desired equivalencē
So the proof is complete.
In view of the above proposition, to show that D b Gp (mod-Λ) has AR-triangles it is enough to show that D b (mod(Gp-Λ)) has AR-triangles. As we saw in 5.1, the duality functor D = Hom Λ (−, E) can be extended to a duality D : mod(Gp-Λ) −→ mod( (Gp-Λ) op ). Therefore any injective object in mod(Gp-Λ) is of the form DHom Λ (G, −), for some G ∈ Gp-Λ.
We define a functor
. Clearly, this functor is an equivalence of categories and extends naturally to an equivalence
of triangulated categories, again denoted by V.
Lemma 5.3. Let Λ be a virtually Gorenstein algebra. Then mod(Gp-Λ) has finite global dimension if and only if Λ is Gorenstein.
Proof. An easy computation follows the 'if' part. For the 'only if' part, let M be a finitely generated Λ-module and gl.dim(mod(Gp-Λ)) = n. Since Λ is virtually Gorenstein, there is a Gp-proper exact resolution
One should use Yoneda Lemma to see that the n-th syzygy of the above resolution is Gorenstein projective. So every finitely generated Λ-module has finite Gorenstein projective dimension. Now [EJ, Theorem 12.3 .1] implies that Λ is Gorenstein.
Next proposition provides a version of the Serre duality in the category D b (mod(Gp-Λ)).
Proposition 5.4. Let Λ be a Gorenstein artin algebra. Then, for every
Proof. By Lemma 5.3, mod(Gp-Λ) has finite global dimension. Thus Prj-mod(Gp-Λ) ) and so it is enough to prove the desired isomorphism in K b (Prj-mod(Gp-Λ)). Note that complexes X and Y in K b (Prj-mod(Gp-Λ)) can be considered as Hom Λ (−, X • ) and
, respectively. Now, result follows from the following isomorphisms, that exist thanks to the Yoneda Lemma,
Theorem 5.5. Let Λ be a Gorenstein artin algebra. Then the derived category D b (mod(Gp-Λ)) admits Auslander-Reiten triangles.
Proof. The same argument as in the proof of [Ha, Theorem I. 4.6] , or [RV, Theorem I.2.4] , together with the Proposition 5.4 works to prove the result. 
This notion was first introduced by Buchweitz under the name of 'stable derived category' [Bu] . Later Orlov [O] reconsidered this category under the name of singularity category. He used this notion in the context of algebraic geometry and mathematical physics.
Let Λ be a finite dimensional algebra that is self-injective. Rickard [Ric1] proved that, in this case, the singularity category of Λ is equivalent to the stable module category of Λ. This result was then generalised by Happel [Ha3] and Buchweitz [Bu] to Gorenstein algebras. In fact, they proved that when Λ is a Gorenstein algebra, D sg (Λ) is equivalent to the stable category of (maximal) Cohen-Macaulay Λ-modules.
On the other hand, for any ring Λ, the canonical functor
Gp (mod-Λ) is fully faithful, see [GZ, Lemma 3.5 ]. So we can consider the Verdier quotient
, that is called the Gorenstein singularity category of Λ and is denoted by D Gsg (Λ). Gao and Zhang [GZ] used this category to provide a characterization for Gorenstein rings.
Up to our best knowledge, a version of Happel and Buchweitz result, mentioned above, for the Gorenstein singularity category of Λ is not known.
Here, instead of looking for such version, we just apply this Gorenstein version of the singularity category to generalise a recent result due to Kong and Zhang [KZ, Theorem 1.1] .
Recall that the abelian category A with enough projectives, is called CM-free if Prj-A = GP-A.
Proposition 5.8. Let Λ be a virtually Gorenstein algebra. Then the category mod(Gp-Λ) is CM-free.
Proof. In view of Proposition 5.2, we have an equivalence
of triangulated categories. So there is a commutative diagram
Now, [BJO, Theorem 2.2] implies the existence of the following commutative diagram
Syzygies of complexes in K tac (Gp-Λ) are Gorenstein projective, see [Hua, SSW] . So complexes in K tac (Gp-Λ) are split exact and hence K tac (Gp-Λ) vanishes. This in turn implies that K tac (Prj-mod(Gp-Λ)) vanishes. But, this is equivalent to say that the category mod(Gp-Λ) is CM-free.
Reflection functors
Let Q be a quiver and i be a vertex of Q. We let σ i Q denote the quiver which is obtained from Q by reversing all arrows which start or end at i.
It is proved in [Ha, I. 5.7 ] that if Λ is a field, then
, denotes the bounded derived category of finitely generated representations of Q, resp. σ i Q, over Λ. This result has been generalised in [AHV2] to the case when Λ is a noetherian ring of finite global dimension. This section is devoted to prove the relative version of this equivalence for the Gorenstein derived categories.
As in the absolute case, we write D Gp (Q), resp. D sg (Q) , instead of D Gp (rep(Q, Λ)), resp. D sg (rep (Q, Λ) ). Also, we denote by inj-Q, resp. prj-Q, Gp-Q, the full subcategory of rep (Q, Λ) formed by all injective, resp. projective, Gorenstein projective, representations of Q.
Let us recall the definition of a pair of reflection functors. For more details consult [K08, 3.3] . Let i be a sink of Q. The reflection functor S Lemma 6.1. Let Λ be an artin algebra and Q be a finite acyclic quiver. Let i be either a sink or a source of Q. Then there is an equivalence
Proof. Following similar argument as in [AHV2, Theorem 3.2 .7], we have the following two equivalences
where in the first equivalence i is a sink while in the second one i is a source of Q.
On the other hand, for any artin algebra, the Nakayama functor induces an equivalence between the category of finitely generated projectives and finitely generated injectives. Since ΛQ and Λσ i Q are artin algebras, there exist equivalences inj-Q ≃ prj-Q and inj-σ i Q ≃ prj-σ i Q. These equivalences can be extended, naturally, to the following equivalences
So, in both cases, we have an equivalence
of triangulated categories. By [Ric, Theorem 6.4 and Proposition 8.2] , it is equivalent to existence of the following triangulated equivalence
As a direct consequence of the above equivalence we have the following corollaries.
Corollary 6.2. Let Λ be an artin algebra and Q be a finite acyclic quiver. Then there is an equivalence D sg (Q) ∼ = D sg (σ i Q), of triangulated categories.
Proof. Observe that if two noetherian rings are derived equivalent, then they have the same singularity category. So Lemma 6.1 implies the result. Corollary 6.3. Let Λ be a Gorenstein algebra and Q be a finite acyclic quiver. Then there is an equivalence Gp-Q ≃ Gp-σ i Q, of triangulated categories.
Proof. By [Bu, Ha3] , D sg (R) ≃ Gp-R, provided R is a Gorenstein ring. Since Λ is Gorenstein and Q, resp. σ i Q, is finite and acyclic, ΛQ, resp. Λσ i Q, is Gorenstein. Now, the result follows from Corollary 6.2.
Corollary 6.4. Let Λ be a Gorenstein algebra and Q be a finite acyclic quiver. Then Proof. Since Λ is an artin algebra of finite CM-type, there is a finitely generated Gorenstein projective Λ-module G such that Gp-Λ = add-G and Gi-Λ = add-νG. Clearly, add-G, resp. add-νG, is a contravariantly, resp. covariantly, finite subcategory of mod-Λ. Hence by a similar argument as in the proof of the corresponding equivalences, we have
On the other hand, for any artin algebra Γ, the duality D = Hom R (−, E) : mod-Γ −→ mod-Γ op , where E is the injective envelope of Γ/radΓ, can be extended to the duality RHom R (−, E) : D b (mod-Γ) −→ D b (mod-Γ op ) of bounded derived categories. Therefore, there is an equivalence
Now, the fact that End Λ (νG) ∼ = End Λ (G) completes the proof.
In the following we intend to generalise this result to any virtually Gorenstein artin algebra Λ. By the preceding discussion, it is enough to construct a duality between mod(Gp-Λ) and mod ((Gi-Λ) op ). To this end, we need the following lemma.
Lemma 7.2. There is a duality D : mod(Gi-Λ) −→ mod((Gi-Λ) op ).
Proof. By 5.1, Gp-Λ is a dualizing R-variety. On the other hand, there is an equivalence ν : Gp-Λ −→ Gi-Λ. Therefore, Gi-Λ has the properties just derived for Gp-Λ and so Gi-Λ is a dualizing R-variety. Hence we have the desired duality. Now, observe that the Nakayama functor ν induces an equivalence mod(Gi-Λ) ≃ mod(Gp-Λ). So there is the following duality of triangulated categories mod(Gp-Λ) 
